We study transport in quantum systems consisting of a nite array of N identical single{channel scatterers. A general expression of the S matrix in terms of the individual{element data obtained recently for potential scattering is rederived in this wider context. It shows in particular how the band spectrum of the in nite periodic system arises in the limit N ! 1. We illustrate the result on two kinds of examples. The rst are serial graphs obtained by chaining loops or T{junctions. A detailed discussion is presented for a nite{ periodic \comb"; we show how the resonance poles can be computed within the Krein formula approach. Another example concerns geometric scatterers where the individual element consists of a surface with a pair of leads; we show that apart of the resonances coming from the decoupled{surface eigenvalues such scatterers exhibit the high{energy behavior typical for the 0 interaction for the physically interesting couplings.
Introduction
A rapid progress in experimental solid state physics has expanded dramatically the list of situations in which consequences of the basic equations of quantum mechanics may be tested, since the interaction is prescribed by the experimentalist by the shape design of the structure in question, material choice, etc. One of the frequently occuring cases in mesoscopic transport involves a passage of a quantum particle through a serial | or nitely periodic | structure obtained by arraying a certain number N of identical scatterers.
Our aim in the present paper is to study this situation under the assumption that the individual scatterers have a single transport mode. For a collection of mesoscopic elements connected by quantum wires, this is certainly an idealization. We can adopt this approximation provided the transverse modes in the wires are well separated and the distances between the scatterers are large enough so that the intermode coupling and in uence of the evanescent modes can be neglected.
Such a single{mode transport is often investigated in literature, with the S{ matrix obtained either \inductively" by adding the scatterers successively or by means of the transfer matrix method. It is di cult to collect all relevant references but a representative sample is given in 26]; an extension of this \factorization" method to scattering on graphs was proposed recently in 35] . On the other hand, the mentioned methods are typically used to evaluate the S{matrix numerically and give little insight, say, into its dependence on the number N of the scatterers. To this purpose a transparent expression for the S{matrix is needed.
Such closed{form formulas were derived recently in one{dimensional potential scattering, rst for an array of interactions 11, 12, 29] and then for an arbitrary nitely periodic potential 39, 45] ; also the number of bound states has been discussed in this setting 4, 41] . When this work was in its nal stage, another analysis of this situation appeared 11] which investigated in detail the distribution of scattering resonances and the corresponding time delay. Our basic observation is that the input for the S{matrix expression are the individual{element scattering data, and thus the result can be applied to scattering on an array of arbitrary \black boxes". In the next section we rederive the result of 39, 45] in this more general context.
We apply the whole scheme to two models of quantum particles con ned to a graph in Sec. 3. The rst model consists of an array of planar loops joined by a pair of external leads. The system is placed into a homogeneous magnetic eld perpendicular to the graph plane. From several ways how to couple quantum motion on a branching graph in a self{adjoint way we investigate only coupling. The next model discussed in this section is made of identical appendices attached to a line, called comb{shaped graph. The motion on the line is free, however the particle can interact with an external (scalar) potential on appendices. We study the most general self{adjoint way of coupling with the wave function continuous on the line, the only limitation comes from time{reversal invariance. It leads to a three{parametric family of solutions. Dependence of transmission probability and resolvent poles on the number of appendices and the coupling parameters is analyzed and band spectrum of an in nite comb is discussed as well.
A step more complicated situation is investigated in section 4; scatterers with dimension two are coupled to single{mode leads. First, we impose suitable boundary conditions at the junction ensuring self{adjointness and show their relevancy to the experimentally observed data. Then we specify our formalism to spheres and nd explicite expressions for the transmission coe cient. We prove existence of resonance peaks and the background which dominates at large energies and decays not slower than E ?1 as E ! 1 . Furthermore, we conjecture that the \coarse grained" transmission probability (averaged locally over the resonances) has the E ?1 decay typical for the 0 interaction. Finally, we present band spectrum of in nite system. 2 Serial structure transport
Preliminaries
Consider an equidistant array fS j : j = 0; : : : ; N?1 g of identical scatterers placed at the line points x 0 + j`. The spacing` 0 in this convention includes only the distance between S j and S j+1 , not the possible size of the scatterers themselves.
Let us review brie y basic notions concerning a single{mode scattering on a sole scatterer S placed conventionally at the point x 0 = 0 . On the two hal ines attached to S the particle moves as free, so the on{shell S{matrix at energy k 2 In particular, we have S = tr rt ! ; (2.3) where r; t andr;t are the left{to{right and right{to{left re ection and transmission amplitudes, respectively. We shall consider only the non{dissipative situation when S is unitary; its dependence on the momentum k will be indicated only if necessary.
Since the interaction responsible for the scattering is localized by assumption, solutions to the Schr odinger equation acquire the asymptotic form outside the scatterer. Hence S may be expressed alternatively in terms matrices used in the theory of ordinary di erential equations. One is the \coe cient" transfer matrix M By de nition the \coe cient" transfer matrix of the array is obtained by multiplying successively the matrices (2.20). We denote M (n) := M n M n?1 : : : M 0 . It is easy to compute the rst few matrices M (n) ; this inspires us to look for the general product in the form M (n) = e i(n+1)' " n+1 jSj n+1 n " n SjSj n n " n SjSj n n " n+1 jSj n+1 n ! ; (2.22) where the coe cients have to satisfy the recursive relations n+1 = n + n ; n+1 = n + n (2.23) with 0 = 1 and 0 = := "R jSj ; (2.24) which follows from M (n+1) = M n+1 M (n) . Since det M j = e 2i' jRj 2 ? jSj 2 = e 2i' 1 ? jrj 2 jtj 2 = e 2i' ; (2.25) and consequently, det M (n) = e 2i(n+1)' jSj 2n+2 (j n j 2 ? j n j 2 ) = e 2i(n+1) ' 
(2.42)
Serial graphs
As we have said we want now to illustrate the above results on several examples which go beyond the usual one{dimensional potential scattering. In this section we shall discuss the situation the serial structure is a graph.
Although nonrelativistic quantum mechanics for quantum particles con ned to a graph has been considered already several decades ago in connection with the free{electron models of hydrocarbons 40], it became a subject of intense interest Graph systems are attractive because they are often explicitly solvable; on the mathematical level they represent systems of ordinary di erential equations in contrast to partial di erential equations with nontrivial boundary conditions needed to describe quantum wire systems in higher dimensions. At the same time, the simpli ed description may still preserve basic features of the real system. Of course, replacing a branched waveguide system by its skeleton graph is a nontrivial approximation, but we shall avoid discussing this point here; some comments can be found in 16, 36] and references given there.
Loop arrays
In our rst example an individual scatterer is a planar loop L with a pair of external leads placed into a homogeneous magnetic eld | cf. Fig. 1 . We suppose that the eld is perpendicular to the graph plane. The corresponding vector potential in the circular gauge isÃ(x) = ? 1 2 By; 1 2 Bx; 0 and Z
where S is the loop area, L j are the lengths of its two branches, and is the corresponding magnetic ux. Such a scattering system has been considered earlier | see 8, 13, 31] and references therein. The Hilbert space for the graph of Fig. 1 is the orthogonal sum of four L 2 spaces referring to the graph links; its elements will be denoted as (f 1 ; u 1 ; u 2 ; f 2 ) with the coordinates at the loop taken anticlockwise. We suppose that the particle has a unit charge and apart of the magnetic eld it moves as free on the graph. There are various ways how to couple the operators (?i@ x ? A) 2 from di erent graph links in a self{adjoint way 22, 25, 34] . For the sake of simplicity we restrict ourselves to the usual coupling, i.e., we impose the boundary conditions
where the function and derivative values mean the appropriate one{sided limits. On the other hand, we do not suppose in general that 1 ; 2 and L 1 ; L 2 are the same. Substituting into (3.1) the boundary values of the generalized eigenfunctions on the loop, u j (x) = A j e ?i(A?k)x + B j e ?i(A+k)x ; j = 1; 2 , we get a system of six equations. Eliminating from here A j ; B j we arrive at the relations The re ection and transmission amplitudes are given by r(k) = ?i 1 respectively. Since B; C; E as well as D 2 are 2 {periodic functions of the magnetic ux, the same is valid for the re ection and transmission probabilities. Recall that if we put e = h = c = 1, then 2 is the magnetic ux quantum in these units.
Band spectrum of an in nite loop array
We illustrate the relation of transmission probabilities of a nite array of loops and the spectrum of the corresponding in nite system on Fig. 2 . As already mentioned jt N (k)j 2 is a 2 {periodic function and because the condition (2.35) determining the band spectrum of the in nite system can be reformulated as 0 < jRe ("R)j < 1 we show dependence on only in the range 0; 2 ] (jRe ("R)j is also a 2 {periodic function). We choose loops with di erent L 1 ; L 2 and 1 ; 2 . Even for a relatively small number of loops N = 6 the values of jt N (k)j 2 are clearly nonzero in areas of parameters and k where there are bands of the in nite system and negligible where there are gaps.
Comb graphs
Our next example concerns the case of a comb{shaped graph, i.e., a line with a nite number N of identical appendices attached to it at equally spaced points. Such systems have been discussed recently 42] following earlier studies of a single{stub waveguide 37, 43, 44, 47] .
Comparing to the previous work and the preceding example, we shall discuss comb{shaped graphs in a more thorough way. First of all, instead of the {coupling used above (or the Gri th's boundary conditions in the terminology of 42]) we allow for the most general self{adjoint way in which the stubs can be attached to continuous wavefunctions on the line. This amounts to imposing at the junctions the boundary conditions adopted from an earlier treatment of the T{shaped graph 25]. Should the Hamiltonian be time{reversal invariant, the junction is then characterized by three real parameters. In this framework we are able to handle imperfect contacts 17]; moreover, it is straightforward to modify the results derived below to graphs with a 0 {coupling which corresponds to the situation where the junction itself represents a complicated geometric scatterer (see 9, 16 ], more about that will be said in the next section). Computing the S{matrix we also assume that the particle is under in uence of a potential on the stubs; this makes it possible to investigate how the band{form zones of high transmission which arise for N 1 change when an external eld is applied.
The formula derived in the previous section allows us to express the transmission and re ection probabilities. In addition to them, one is able to generalize the result of 25] to the present situation and to nd an explicit Krein{formula expression for the resolvent of the comb{graph Hamiltonian. This allows us to study their resonance structure of the problem which arises from perturbation of the disconnected{stub discrete spectrum embedded into the continuum of the line motion. The mentioned expression yields an equation from which the resolvent singularities on the second sheet can be found.
After this introduction, let us describe the model. For a greater generality we suppose rst that the appendices are not necessarily identical. The graph ? N will therefore consist of a line with a nite sequence f(s?1)`g N s=1 of points at which appendices of nite lengths L s are attached (see We suppose that the motion at the backbone line is free while the particle is exposed to potentials V s on the \teeth"; hence the Hamiltonian of a nonrelativistic particle of mass m = 1=2 living on ? N acts as (H ) 1 (x) := ?f 00 (x) ; (H ) s+1 (x) := (?u 00 s + V s u s )(x) ; s = 1; : : : ; N ; (3.3) out of the junctions. To make it a self{adjoint operator one has to choose again properly the boundary conditions which couple the wavefunctions at the branching points of the graph in such a way that the probability current conservation at the vertices is conserved. As we have said, we shall require continuity of the line component f of at the junctions; to keep a manageable number of parameters we assume the Dirichlet conditions at the end of the stubs. Consequently, the domain In what follows we concentrate on the nite periodic case where L s = L ; V s = V , and IK s = IK ; the operator speci ed by the boundary conditions (3.4) will be denoted as H N H N (IK; V ) . The potential V is supposed to belong to L 1 (0; L) .
Scattering on a comb graph
To write the scattering matrix we need some notation. Let In order to illustrate the usefulness of the formulas (2.31){(2.33), we present in Appendix A two other ways to derive the relations (3.8).
Let us now illustrate how the the transmission probability depends on the number of the teeth and the parameters of the junctions. 
The resolvent poles
The energy dependence of the transmission probability through the comb graph is related to its resonance structure which in turn comes from perturbation of embedded eigenvalues of H N (0; V ) referring to the stubs by the coupling between the line and the \teeth". The resonances are conventionally associated with the poles of the analytically continued resolvent; we are going to show now how they can be found.
As 1 C C C C C C A ; (3.11) where W(u 0;n ; u L;n ) is the Wronskian of the solutions u 0;n and u L;n to ?u 00 + V n u = k 2 u speci ed by the boundary conditions u 0;n (0) = 0 and u L;n (L n ) = 0 , respectively. The symbols x < and x > mean respectively the smaller and larger of the variables x; y , and R 1 (x; y; z) := i 2k e ikjx?yj (3.12) is the free resolvent kernel on the line. A natural choice of the de ciency vectors is the following: 2N same 2N 2N blocks. This is important because we are looking for singularities of the resolvent (3.10) which occur at the points where the coe cients mn are singular. The latter are solutions to the linear system (3.16), and therefore they have the same denominator; looking for its zeros it is su cient to inspect the determinant of a single block, We see that D N (k) = 0 if and only if the same is true for the denominator of the re ection and transmission amplitude. Hence the poles of the continued resolvent and of the S{matrix generically coincide. It might be that some of them vanish due to a zero in the numerator, however, this can happen in isolated points only because the numerators are analytical functions of the coupling parameters, and there is a one{to{one correspondence between the pole trajectories with respect to the coupling constant and the embedded eigenvalues of the decoupled Hamiltonian H(0; V ) .
Band spectrum of an in nite comb and resonances
We discuss only the case of free appendices here, i.e. V s = 0. Investigation of nonzero potentials represents no complication in general conception. Typical spectra of an in nite comb are presented on Fig. 5 . The parameters of such a structure could be divided into two groups, viz.`; L and b; c; d. The dependence on`is rather simple; a change of`results in scaling of spectrum in k. This is the consequence of the fact that the transfer matrix T depends only on the product k`. This is the reason why we show all the spectra for`= 1 only. The dependence on L is more complicated as can be inferred from Fig. 5 .
A striking feature of such a spectrum are sudden transitions of bands to gaps or vice versa at k`= n ; n 2 Z Z for almost all L. This can be understood, if we write down the Bloch condition explicitly as
Clearly, this is always ful lled for k`= n , unless has a singularity at n =`. Therefore k = n =`belongs always to the band in this case. The situations when (n =`) is in nite requires a further analysis. An e ect of a small change in k can be estimated from (k + ) `+ 1 = (?1) n cos( ). With exception of points where (n =`) = 0, small change of does not change the sign of , while the change of sign of leads to the change of sign of (k + ) `. Only at vicinity of points where (n =`) = 0 can the sign of (k + ) `rest unchanged, cf. Fig 5. Of the three parameters determining the coupling of an appendix to the backbone line i.e. b; c; d, we nd b as the most suitable to begin with. Putting b = 0 switches e ectively o the appendices as already mentioned in sec. 3.2. This implies that we have eigenvalues k 2 n embedded in the continuum, where k n are solutions of (3.5). These values of momentum play an important role from three points of view. First, k n 's are the values for which u L (0) = 0 and the number of zeros of u increases by one when k passes to higher values; this means that the whole IR + is divided into disjoint intervals by these values (for a given L). On the other hand, a band can belong to two intervals (although this happens only for some L) and states of the same band can be described by wave functions with di erent number of zeros of u's. Also, and this situation is far more frequent, one interval can contain two or more band, so that the number of zeros of u is not directly related to the ordinal number of a band.
In order to reveal the second role of these values k n 's, we have to return to nite number of appendices attached to the line. If we begin with one appendix only, direct calculation shows that t(k n ) = 0 and r(k n ) = ?1. Therefore, regardless of the number of appendices N the full re ection takes place, i.e. t N = 0; r N = ?1.
We close this section with discussion of scattering resonances of our system. Recently, it was shown 11] that there is certain \band" structure in the spectrum of resonances and that this spectrum converges to the energy band spectrum of the in nite periodic system in the 
Serial structures of mixed dimensionality
In this section we want to treat the situation when the scatterers connected by single{mode leads have a higher dimension. For the sake of simplicity, we shall consider only the simplest possibility when the dimension is two, i.e., the scatterer is a surface. Such systems can be realized in both the solid state (recall, e.g., the \bamboo defects" in nanotubes 32]) and electromagnetism (for at resonators), but we avoid discussing examples and the conditions under which these models are realistic. We suppose that the surface is smooth, bounded, and connected, with or without the boundary. Although it makes no di culty to let the particle on the surface interact with an external potential eld, we will regard it as free, i.e., its Hamiltonian will be (in appropriate units) just the corresponding Laplace{Beltrami operator.
Coupling of leads to a surface
The basic question for the described serial structures is the way in which the leads are coupled to the scatterers. The physical condition is again a conservation of the probability current, which translates into the self{adjointness requirement of the corresponding Hamiltonian. Since the coupling is local, we may disregard geometrical peculiarities of the lead and the surface and consider the setting when a hal ine is attached to a plane. The state Hilbert space is then L 2 (IR ? ) L 2 (IR 2 ) and the Hamiltonian acts on its elements 1 2 as ? 00 1 ? 2 . To make it self{adjoint one has to impose suitable boundary conditions which couple the wavefunctions at the junc- A disadvantage of this result is that it tells us nothing about physical relevance of the coe cients values in the boundary conditions (4.1). The choice of the coupling depends on particular properties of the junction it models, of course, but one would like to select a subclass representing a \natural" coupling. One way to achieve this goal was suggested in 23]: comparing the scattering matrix of the junction given by (4.1) with the low{energy behavior of scattering in the system of a plane to which a cylindrical \tube" is attached, and taking into account the condition (4.2), we arrive at the identi cation A = 1 2 ; B = s 2 ; C = 1 p 2 ; D = ? ln ; (4.3) where is the contact radius. Physical relevance of these conditions was illustrated in 23] by explaining the experimentally observed distribution of resonances in a microwave resonator with a thin antenna. Motivated by this, we will use in the following (4.1) and (4.3) to describe the coupling between the leads and the scatterers.
The single{element S{matrix
Using the local character of the boundary conditions derived above we apply them to coupling of a pair of hal ine leads to an arbitrary surface G . The only restriction is that that the junction may not belong to the boundary of G if it has any. We shall compute the transfer and scattering matrices for such a system. As we have said the Hamiltonian is a Laplace{Beltrami operator on the state Hilbert space L 2 (G) of the scatterer. We shall characterize it by its Green's function G(:; :; k) , i.e., the integral kernel of its resolvent which exists whenever k 2 does not belong to the spectrum. Its actual form depends on the geometry of G but we shall not need it. What is important is the character of its singularity. Next we denote the wavefunction on the j{th lead as u j . For simplicity we use the abbreviations u j ; u 0 j for its boundary values; then the boundary conditions To make use of these formulas, we need to know g; Z 1 ; Z 2 ; as functions of the momentum k . By assumption the manifold G is compact, so the spectrum f n g 1 n=1 of the Hamitonian is purely discrete and the corresponding eigenfunctions f (x) n g 1 n=1 form an orthonormal basis in L 2 (G) . The usual Green's function ex- To express the remaining three values we have to compute the regularized limit (4.7). Expanding the logarithm into the Taylor series, we can rewrite the sublimit expression as G(x j + p "n; x j ; k) + ln p "
where n is a unit vector in the local chart around the point x j . Unfortunately, interchanging the limit with the sum is not without risk since the latter does not converge uniformly. To see that the result may indeed depend on the regularization procedure, it is su cient to replace p " by c p " at the lhs. To make idea about this non{uniqueness, let us compute the di erence (x j ; k) ? (x j ; k 0 ) = lim
This sum is already uniformly convergent, because by standard semiclassical esti- The constant depends only on the manifold G we will neglect it in the following, because its nonzero value means just a coupling constant renormalization: D j has to be changed to D j +2 c(G) . For a at rectangular G we found in 23] an agreement with the experiment using c(G) = 0 .
A \bubble" on the line
To make the above consideration more concrete, we shall concentrate in the rest of this section on a single example. We are going to consider the case when G is a sphere of radius R with the leads attached at the poles, which is the system proposed by Kiselev 33] . The most important result of this paper was that apart of the resonances coming from the bound states on the sphere, such a scatterer has the high{energy behavior similar to that of the so{called 0 interaction 6, 9, 19], i.e., the transmission probability decays as E ?1 for E ! 1 . This was established in with the usual domain. + c(G) ; (4.19) where is the junction diameter which is supposed to be the same for j = 1; 2 . The relations (4.12) yield, in particular, the transmission probability in the form
(4.20)
To prove that (4.20) behaves as indicated above at large values of E = k 2 , we need several auxiliary results. (4.22) where the error term is independent of l . Proof: We again split the two singular terms in The term with the minus sign is negative in (l(l?1); l(l+1)) provided l is large enough. The other term is sign changing for large l so it has has a root. 
where in the last step we used again k = l + O(1) . Let further E > l . We divide the argument into two parts. First we suppose 2l+1 l(l+1) ? E 2 ln l ;
by Fig. 7 ; it compares an averaged jt(k)j 2 of a \bubble" on the line and jt(k)j 2 of 0 {interaction. The averaging is done over ten neighboring peaks of a given point.
The strength of the 0 {interaction is chosen so as to reach the same value of jt(k)j 2 at a distant k. These two curves seem to have the same \asymptotic" behavior. Fig. 8 shows the band spectrum of an in nite array of bubbles on the line. What is di erent from analogical spectra of loop or comb arrays is the concentration of bands to small values (note the logarithmic scale).
A A direct derivation of the comb{graph S{matrix In a similar way we nd the transmission amplitude. We start again from (A.3) from which we express f j , f j = N?1 X l=j " 2l (e l+1 ? e`); j = 0; : : : ; N ?1 :
Transforming the system we arrive at an analogy of (A. Figure 7 The transition probability of a sphere of unit radius on a line ( = 0:01). The lower graph compares the asymptotic behavior of jt(k)j 2 for 0 { interaction with suitably chosen strength and that of averaged transmission probability plotted in the upper graph. The averaging is done over ten neighboring peaks of each point. Figure 8 Band spectrum of an in nite \bubble" array. The spheres are of unit radius, the spacing is`= 1 (upper gure) and`= 0:01 (lower gure), is the contact radius.
